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The thermal Casimir force
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The Lifshitz formula

Reflection matrices (Fresnel formulas for isotropic media):
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Going to imaginary frequencies

Kramers-Kronig (causality) relations: 
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Casimir physics is a broad-band frequency phenomenon

F

A
= 2kBT

10X

m=0

Z
d2kk

(2⇡)2
K3(i⇠m)Tr

R1(i⇠m) ·R2(i⇠m)e�2K3(i⇠m)d

1�R1(i⇠m) ·R2(i⇠m)e�2K3(i⇠m)d

The function                          has poles on the 
imaginary frequency axis at 

coth(~!/2kBT )

!m = i⇠m , ⇠m = m
2⇡kBT

~
After Wick rotation:

Friday, March 9, 12



The thermal “problem”

 Drawn here for 
parameters of Gold 

M. Boström and B.E. Sernelius, 
Phys. Rev. Lett. 84 (2000) 4757  

              

!  Big effect of 
dissipation at 
large distances 
(factor 2) 

“Drude 
 model” 

 “plasma model” 
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Drude and plasma models

At large separations, where thermal corrections are important, only the 
low-frequency behavior of the permittivity matters

Plasma modelDrude model
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How to measure this?

Friday, March 9, 12



Torsional pendulum 

Experiment by Lamoreaux group (Yale)

 Sphere-plane geometry: 

 Torsional pendulum (modern Cavendish-like)

 Feedback control
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Electrostatic calibrations
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Typical Casimir measurement

force-free component of 
signal at large separations

electrostatic signal in 
response to an applied 
external voltage

residual signal due to 
distance-dependent 
forces, e.g. Casimir

This signal is minimized (           ) when               , and the electrostatic minimizing 
potential       is then defined to be the contact potential between the plates.

Sa = 0 Va = Vm

Vm

The electrostatic signal between the spherical lens and the plate, in PFA             , is

force-voltage conversion factor
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“Parabola” measurements

A range of plate voltages      is applied, and 
at a given nominal absolute distance the 
response is fitted to a parabola

Va

Calibration routine 

Fitting parameters

voltage-force calibration factor + absolute distance

distance-dependent minimizing potential

force residuals: electrostatic + Casimir + non-Newtonian gravity + ....
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Curvature parameter

 Force-voltage calibration factor

 Sphere-plane absolute distance

From the curvature of the different parabolas one obtains k(d)

k(d)
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Minimizing potential
Our Ge data shows a distance-dependent 
minimizing potential, of the order of 6 mV 
over 100 um.

 However, in some other experiments, the minimizing potential is 
distance-independent

E.g.: Decca group
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Force residuals in Ge experiment

Residuals from Coulomb force 
obtained from the value of the 
PID signal at the minima of 
each parabola, 

In our experiment, these force residuals are too large to be explained just 
by the Casimir-Lifshitz force between the Ge plates.

In fact, the experimental data shows a         force residual at distances
             , where the Casimir force should be negligible.

1/d
d > 5µm

What is the origin of the additional force residual?

What is the origin of the varying minimizing potential? 
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Electrostatic patches 

In this experiment, the tip-to-sample distance was kept at
50 mn.14 These settings lead typically to a noise level of the
KFM smaller than 5 meV as shown in Fig. 2 with a 10 mV
peak to peak square-wave external excitation.

The WF measurements presented in letter paper were
conducted on a polycrystalline copper film as processed in
the semiconductor industry. The sample was prepared with a
standard copper process flow used in integrated circuit inter-
connects. First, an 8 in. silicon wafer was thermally oxidized
and then coated by a chemical vapor deposited 100 Å thick
TiN barrier. Then, a copper seed layer was deposited fol-
lowed by a 1.4 !m thick Cu film grown by electrochemical
deposition. After deposition steps, the sample was annealed
for 30 min at 400 °C, leading to a polycrystalline structured
surface with a mean grain size of about 3 !m. Finally, the
copper film thickness was reduced to 0.7 !m by chemical
mechanical polishing !CMP" to decrease the surface rough-
ness down to 1 nm rms over a 30"30 !m2 area.

To allow different surface characterizations to be per-
formed over the same copper area, a mark was engraved with
a focused ion beam !FIB" system on the sample surface. All
subsequent surface measurements were performed on the
same area lying at about 70 !m from this reference mark as
shown by Fig. 3. This distance is large enough to consider
the probed area as free of FIB-induced damage.

Figure 4 shows !a" the topography and !b" the WF map-
pings measured with the KFM over the same polished copper
area. Topography and WF range measured on this region are
9.6 nm and 42 meV, respectively. The topography mapping
shows the polycrystalline character of the copper film after

the grain boundaries are revealed by the CMP process. The
polycrystalline character of the copper film can also be moni-
tored with high contrast using potential mapping !i.e., WF"
as shown in Fig. 4!b". In fact, features can be sorted with
regard to the WF value into three distinct regions corre-
sponding to high, medium, and low WFs respectively labeled
H, M, and L in Fig. 4!b". Those potential variations within
the copper layer have to be attributed directly to the grain
crystallographic properties and not to the roughness cross-
talk on CPD measurement since the sample was polished and
analyzed with the topography independent lift-mode scan. To
show the link between the grain crystalline orientation and
the WF value, an EBSD analysis was performed on the same
area previously characterized with the KFM. The brightness
of the electron source allows an assignment of the crystallo-
graphic orientation of the copper grains with a 50 nm lateral
resolution. The critical angle chosen for this analysis was
7.5°. This means that to be indexed along a given crystallo-
graphic axis, a grain can have at maximum a disorientation
angle of 7.5°. Copper grain indexation obtained by EBSD
analysis is presented in Fig. 5. Here, only main crystallo-
graphic orientations, i.e., #111$, #100$, and #110$, are pre-
sented. The other grains, assigned with higher Miller indices,
were not taken into consideration for this experiment to
avoid any misinterpretation linked to the overlap of crystal-
lographic directions. They consequently appear as gray areas
in Fig. 5. In fact, automatic crystallographic assignment pro-
vided by EBSD softwares is defined by the angle between
the grain crystallographic axis and the surface normal
whereas both the angle and the inter-reticular distance would

FIG. 2. !Color online" Electrical response of the KFM to a 10 mV peak to
peak square-wave external excitation. The electric accuracy is smaller than
5 meV.

FIG. 3. !Color online" Picture of the probed copper area with regard to the
FIB engraved reference mark.

FIG. 4. !Color online" !a" Topography and !b" WF mappings of the same
polished copper area !12"8 !m2".

154101-2 Gaillard et al. Appl. Phys. Lett. 89, 154101 !2006"
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be necessary to provide a precise indexation. Since the over-
lap of the crystallographic directions depends on the critical
angle, smaller values !2.5° and 5°" were investigated but
unfortunately resulting mappings showed multiple intragrain
indexations. As a consequence, only main crystallographic
orientations !i.e., #111$, #100$, and #110$", of which relative
angles avoid crystallographic directions overlap for a critical
angle of 7.5°, are represented on EBSD mapping.

If one now compares EBSD analysis !Fig. 5" to the WF
mapping %Fig. 4!b"&, it is obvious that each crystallographic
orientation corresponds to a specific surface potential, i.e.,
high, medium, and low WF values respectively measured on
#111$, #100$, and #110$ grains. For face-cenetred-cubic lattice
systems such as Al, Ag, and Cu, calculations showed that the
densest face is #111$, followed by #100$ and #110$. As a
consequence, our experiment is in agreement with experi-
mental analyses on single crystal materials7–9 as well as with
general theory on metals:10 the denser the crystallographic
face, the higher the WF. This relationship is confirmed by the
potential profile in Fig. 6 obtained along the dashed line on
the WF mapping shown in Fig. 4!b" and sequenced with
regard to the associated EBSD analysis. For clarity, only
relative WF variations are plotted. The origin of the WF axis
corresponds here to 4.86 eV.

The WFs measured in this study are equal to 4.86, 4.88,
and 4.90 eV, respectively, for the #110$, #100$, and #111$
grain orientations. They differ significantly from those !4.48,
4.59, and 4.94 eV" obtained on clean UHV surface using
ultraviolet photoemission spectroscopy.9 Indeed, it is well
known that chemisorbed and physisorbed species can signifi-
cantly alter the WF value.15,16 Nonetheless, the relative po-
tential variation follows the expected ordering for different
grain orientations with higher potentials measured for the

denser atomic areal density and lower potential for the less
dense. Using these relative potentials, the crystal orientation
can be indexed with confidence.

The assigned WF profile plotted in Fig. 6 shows the WF
ranges of #111$, #100$, and #110$ grains and demonstrates
that it is now possible to perform crystallographic orientation
assignment of copper grains directly from WF mapping ob-
tained using KFM. This indicates that KFM can be used to
precisely assess the surface crystallography of metal and may
become an alternative to EBSD analysis. The main advan-
tage is that KFM measurement is a surface analysis which
could show crystallographic heterogeneities at decananom-
eter scale over all layers and thicknesses, whereas the EBSD
technique cannot characterize layers thinner than 50 nm.
This characteristic of KFM technique could become essential
in future microelectronic applications where the control of
electrical properties such as the threshold voltage of metal
oxide semiconductor field-effect transistors will become in-
creasingly sensitive to local heterogeneities in ultrathin
films as dimensions are scaled down.17 In addition, since the
WF of the grain is directly linked to its atomic surface
density, we assume that crystallographic assignment obtained
by KFM can distinguish orientations which cannot be
determined using standard EBSD analysis due to the overlap
of crystallographic directions. Such indexation, which re-
quires a high potential contrast, should be obtained using the
force gradient method18 combined with a vacuum or UHV
operation.

This work has been carried out in the frame of
CEA-LETI/ALLIANCE collaboration, partly funded by the
IST NANOCMOS project. The authors wish to thank M.
Rivoire and C. Perrot for providing polished copper samples
and S. Courtas and M. Grégoire for their help with EBSD
analyses.
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Metals are NOT equipotentials

  Different crystal faces have different work functions

  Dirt: oxides, surface adsorbates strongly affect work function and 
surface potential by creating dipoles on the surface. 

Resulting potential variation 
across a surface:

 Despite what we have learned in freshman physics!
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Surface potentials & 

Minimized force at a fixed distance determines 
the minimizing potential 

Vm(d)

Electrostatic force (in PFA,            ): R

V0

) Vm = Vm(d)
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A toy model

Force on lower plate:

(      is varied,      a fixed property of the plates)V0 Vc

When force is minimized, one gets a varying minimizing potential and a varying 
electrostatic residual force. 

In reality, measurements can determine            up to an overall constant:

A toy model illustrating the mechanism 
for the generation of            and   
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Electrostatic force residual

Minima of parabolas DO NOT nullify all possible 
electrostatic forces between plates!

Sphere-plane case:

Dividing the sphere into infinitesimal areas, each with a random potential, and integrating 
over the surface to get the net residual force (as in PFA), we get 

Important message from this analysis:
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Modeling patches
The patch effect is a possible systematic limitation to Casimir force 
measurements (Speake and Trenkel, PRL 03). 

Plane-plane geometry:

Electrostatic energy:
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Random patches

Statistical properties for patch potentials: 

Averaging the interaction energy over different 
realizations of the stochastic patches, we get

In the limit of large distances              , this expression has an asymptotic behavior 
independent of distance (self-energy of each plate). We remove the potential energy at 
infinite separation, to get the electrostatic interaction energy due to patch effects
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Patch force in sphere-plane

Different models to describe surface potential fluctuations:

 C1,k = C2,k = V 2
0 for kmin < k < kmax  

Sphere-plane geometry:

To compute the patch effect in the sphere-plane 
configuration we use PFA for the curvature effect                 
               but leave       arbitrary

(Speake and Trenkel, PRL 03).
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Ge exp: patch fit at large distance
We fit the data for the residual force at the minimizing potential with a 
force of electric origin, for distances               (negligible Casimir)d > 5µm

F0 = (�11± 2)⇥ 10�12 N

V1 = (�34± 3) mV

Vrms = (6± 2) mV

�2
0 = 1.5

F el
r (d) = F0 + ⇥�0R

[Vm(d) + V1]2 + V 2
rms

d
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Ge exp: patch fit at large distance
We fit the data for the residual force at the minimizing potential with a 
force of electric origin, for distances               (negligible Casimir)d > 5µm

F0 = (�11± 2)⇥ 10�12 N

V1 = (�34± 3) mV

Vrms = (6± 2) mV

�2
0 = 1.5

F el
r (d) = F0 + ⇥�0R

[Vm(d) + V1]2 + V 2
rms

d

CASIMIR?
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Material properties of Ge
• intrinsic semiconductor, among the purest materials available
• small density of free carriers (electrons and holes)

• conductivity, thermal, and optical properties are well tabulated

Bare permittivity of intrinsic Ge 
(not including contributions from free carriers)

�(i⇥) = �� + ⇤2
0

�0 � ��
⇥2 + ⇤2

0

Sellmeier-type form
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Ge reflection amplitudes

We need to compute the reflection amplitudes             for a vacuum-Ge 
interphase. Depending on the model used to describe the optical and 
conductivity properties of Ge we get different reflection amplitudes.

rp
k,j(�)

 Ideal dielectric model: No contribution from free carriers. Only the bare permittivity 
is taken into account. Reflection amplitudes are the usual Fresnel coefficients.

rTM
k (i⇥) =

�
k2 + �(i⇥)⇥2/c2 � �(i⇥)

�
k2 + ⇥2/c2

�
k2 + �(i⇥)⇥2/c2 + �(i⇥)

�
k2 + ⇥2/c2

rTE
k (i⇥) =

�
k2 + �(i⇥)⇥2/c2 �

�
k2 + ⇥2/c2

�
k2 + �(i⇥)⇥2/c2 +

�
k2 + ⇥2/c2

 Ideal dielectric + Drude conductivity model: An ac Drude conductivity term 
is added to the bare permittivity.

�(i⇥) = �(i⇥) +
4⇤⌅(i⇥)

⇥

Same Fresnel coefficients with the substitution �(i⇥)� �(i⇥)

⇥(i�) = ⇥0/(1 + �⇤)
�0 = e2n0⇥/me � 1/(43 � cm)
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Ge experiment: patches+Casimir

Residual force at 
minima of parabolas
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Ge experiment: patches+Casimir

CASIMIR?

Residual force at 
minima of parabolas
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Ge experiment: patches+Casimir

CASIMIR?

After subtraction of the electrostatic force residual F el
r (d) = F0 + ⇥�0R

[Vm(d) + V1]2 + V 2
rms

d

Residual force at 
minima of parabolas
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Ge experiment: patches+Casimir

CASIMIR?

After subtraction of the electrostatic force residual F el
r (d) = F0 + ⇥�0R

[Vm(d) + V1]2 + V 2
rms

d

�2
0 � 1

d < 5µmFor

for all the 
theoretical models 

Error bars:

3% statistical 
uncertainties

10% fitting 
uncertainties from 
electrostatic analysis

Residual force at 
minima of parabolas
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Remarks on the Ge experiment

 After subtraction of these two electrostatic residuals, we got very good 
agreement with a Casimir force residual. However, we do not have enough 
accuracy to distinguish between the different theoretical models.

 Found a distance-dependent minimizing potential, due to large-scale variations 
in the contact potential along the surface of the plates.  It results in a relatively 
large residual force of electrostatic origin � [Vm(d) + V1]2/d

 Found another residual force of electrostatic origin, probably due to 
potential patches on the surfaces that, for                    , isd� �� R � V 2

rms/d
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Casimir force with Au plates
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  From the parabola minimum one obtains the minimizing potential 

Our Au data shows a distance-independent minimizing potential                   , 
with variations of 0.2 mV in the 0.7-7.0 um range.

Vm ⇡ 20mV

  From the parabola curvature one obtains the absolute distance

� = (1.27± 0.04)� 10�7 N/V

k(d) Vm(d) S0(d)    ,        , and 

  From          one obtains  the residual forceS0(d) Fr(d)
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Au experiment: force residuals

In our experiment, these force residuals are too large to be explained just 
by the Casimir-Lifshitz force between Au plates.

Solid lines correspond to predictions from Lifshitz theory (with no 
roughness correction) and Drude-like permittivity with parameters

Drude model, T=300K
Plasma model, T=300K
Drude model, T=0K
Plasma model, T=0K

!p = 7.54 eV � = 0.051 eV (best fit to Au optical data by Palik)
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Extracting the patch force

Fr � FCasimir = ⇥�0RV 2
rms/d

�2
red = 1.04

Vrms = (5.4± 0.1)mV

Drude T=300K

The other three models do 
not fit this description

Plasma T=300K: 

Drude T=0K: 

Plasma T=0K: 

�2
red = 32

�2
red = 23

�2
red = 43
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The thermal Casimir force

�2
red = 1.04

gray band: theo. uncertainty   3%

�p = 6.85� 9.0 eV
� = 0.02� 0.061 eV

Thermal Casimir force

F (T )
Drude =

�(3)RkBT

8d2
= 97pNµm2

d2F (T )
Drude(d) !

⇠(3)RkBT

8
= 97 pN µm2

Thermal Casimir force

(large separations)
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Remarks on the Au experiment

  Observation of the thermal Casimir force. 

  Our measurement and analysis indicate that the Drude model to describe 
Casimir interactions in metallic plates is correct. 

- modeled patch contribution 

- modeled Casimir contribution 
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Global remarks

  Other experiments seem to be compatible with plasma model

  Better modeling of patches is needed

  Measurements of patches are needed

E.g.: Decca group

PRA 85, 012504 (2012) [Ryan Behunin, next week]
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NSF Pan American Advanced Study Institute (PASI) 
School/Workshop in October 2012 on

Frontiers in Casimir Physics

Organizers: R. Decca, DD, R. Esquivel-Sirvent, P. Maia Neto, D. Mazzitelli, and H. Pastoriza
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